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Pressure Transients in Hydraulic Pipelines 
Equations of motion for a cylindrical tube containing a fluid are developed from a con-
sideration of the forces and moments in the tube wall. These equations are solved for 
boundary conditions representing the situation where the fluid, is flowing steadily through 
a horizontal pipe and a valve at the downstream end is closed, instantaneously. The 
solution gives theoretical results for the usual water-hammer wave but also predicts the 
existence of a precursor wave. Expressions are derived, for the velocities of propaga-
tion of both transients and their associated pressure changes. A comprehensive series 
of experiments has been carried out. Some interesting and probably unique results 
were obtained, which demons/rale the behavior of both transients. Measurements of 
velocity and pressure change have been made. The effect of axial restraint on the pipe 
is demonstrated. 
In t roduct ion 
TRANSIENTS in hydraulic pipelines, or "water ham-
mer" as these phenomena are more commonly known, have been 
of interest to engineers and scientists for nearly a century and a 
half. They can arise in any pipe system containing a liquid which 
is capable of motion. A change in the steady motion of the 
liquid causes disturbances (i.e., waves of pressure, velocity, 
stress, and strain) to be propagated through the system. The 
manner in which they are propagated depends on the boundary 
conditions, e.g., geometry of the pipe network and the physical 
properties of the liquid and pipe material. 
The first significant contributions to the solution of water-ham-
mer problems include those of Korteweg [l],1 Joukowsky [2], 
Lamb [3], and Allievi [4]. Their solutions enabled the velocity 
of the principal water-hammer wave and its associated pressure 
rise to be obtained with sufficient accuracy for general design 
purposes. With the exception of Lamb, they predicted the ex-
istence of only one transient. 
A predominant part of subsequent research has been directed 
toward the development and simplification of procedures for 
designing complex pipe networks, surge tanks, etc. Conse-
quently some less influential aspects have been neglected. For 
1 Numbers in brackets designate References at end of paper. 
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example, few other theories predict the existence of two pressure 
waves, or that they both continually disperse as they travel 
along the pipe. There also appears to be no experimental evi-
dence on these matters. Factors contributing to this have been 
the difficulty in solving the complex theory involved, and the 
lack of suitable recording equipment with which to observe the 
transients under laboratory conditions. 
The present paper seeks to establish more specifically the in-
fluence of the pipe wall on transients in hydraulic pipelines, both 
experimentally and theoretically. The "equations of motion" 
for a thin cylindrical tube are used [5, 6] and the system is con-
sidered to be irrotational. As in practice instantaneous valve 
closures are not normally encountered, the conclusions of Thom-
son [7] and Skalak [8] are accepted regarding bending stresses, 
and they are neglected. It is also assumed that the fluid is elastic 
and inviscid (i.e., free flowing). 
Equat ions for T r a n s i e n t Propagat ion 
The derivation of the equations of motion begins with a con-
sideration of the general distribution of forces and moments in a 
cylindrical shell. Resolving forces and moments for equilibrium 
(see Fig. 1) and eliminating transverse shear forces S. and Sg 
yields: 
F,' + F,« = eap ~ (1) 
d2w 
aFe" + aFzd' - M0° - Mz0' = ea"-p — (2) 
nt.1 
• N o m e n c l a t u r e -
= axial and circumferential 
forces in the pipe wall 
S-.o = transverse shear forces in 
the pipe wall 
il/,, Md, moments of forces in the 
Ma, Mdz pipe wall 
6 = angle between a radial 
plane, parallel to the 
longitudinal axis, with 
reference to a datum ra-
dial plane 
a = internal radius of the pipe 
p = pressure inside the pipe 
y = distance from the middle 
surface of the pipe wall 
<r„, ozl og = radial axial, and circumfer-
ential stress 
e = pipe wall thickness 
p = density of the pipe wall 
material 
u = radial displacement of the 
pipe wall 
v = tangential displacement; 
fluid velocity 
w = axial displacement 
2 = axial distance along the 
pipe 
t = time 
v = Poisson's ratio 
CL = velocity of sound in the 
pipe wall (E/p{ 1 - „ » } ) * 
E = Young's modulus for the 
pipe wall material 
c = velocity of sound in the 
unconfined fluid 
(j) = velocity potential 
Jo, Ji = Bessel functions 
s, co = transform variables—see 
equation (23) 
0 = e2/12 
k = e2/12a2 
/ = pe CL-
Po = density of the fluid 
Po = PoCVo 
va = initial stead}' flow velocity 
K0 = bulk modulus of the fluid 
n = integer ( 1 , 2 . . . co) 
Ms7.-8 = strains in the pipe wall 
tzb = shear stress in the pipe wall 
D/i = see equation (30) 
1 = V 1 7 ! 
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Fig. 1 E lementa l sect ion f r o m the w a l l of a cy l indr ica l shell s h o w i n g the distr ibut ion of 
forces a n d m o m e n t s 
N o t e : ( )i _ ( , . - « > 
OI off 
Mr + il/,910 + -Vfc
10
 + M , » + aF
e
 = -a-r-p g (3) 
- «F 0 2 + = 0 (4) 
(l + i" (1 + v)vw 
if H !(•»» + - — + VUl 
+ fc 
(1 + v) 
(1 - V) (1 - v)uv 
(1 + v ) v n y. 10 _L ,,00 V + Mo 
(3 - v) 





vwi + u f- ^ (1 ^ 








" D ' dt-
wave fronts, the bending terms (the "ft" terms) may be neglected. 
These assumptions lead to simpler equations of motion, which 
can be simplified even further by considering the system of forces 
to be symmetrical and irrotational about the z-axis; viz: 
It has been shown [5, 6] that these forces and moments can be 
expressed in terms of stresses in the shell (see Appendix). A 
substitution for the strains will then lead to the equations of mo-
tion, in terms of the displacements, viz., 
d2i« v du 1 d-u< 
dz2 a dz CL2 C)t2 
where 
(5) 
dw u e2 v 
- + - + — • — 
dz a2 12 dz4 pec i2 
E 






M o t i o n of the Fluid. For a fluid in a pipe, considered as a sym-
metrical and irrotational system about the z-axis, the equation of 
motion is: 
(6) 32<p 1 
+ -
o r - r 
d<f> : d2^ 
dr 5z2 dt2 
where 4> is a velocity potential. 




c)t ̂  r = a 
(Tl) 
(15 
In obtaining the equations in this form it has been assumed 
that: 
(i) All points on a radial plane before deformation occurs 
remain plane after deformation, i.e., neglect S, and Sq. 
(ii) For all kinematic relations the radial strain of the tube 
wall is negligible, and in the stress system "<rv" is negligible com-
pared to "ay" and "<t9". 
(iii) That all the displacements are small; i.e., negligible com-
pared to the radius of curvature of the middle surface. Also, their 
derivations are negligible compared to unity. 
If the shell may be considered to be "thin-walled," the force 
equations can be simplified, e.g., by neglecting transverse shear-
ing forces, and making use of the fact that except for very sharp 
Solut ion of the Equat ions of M o t i o n 
The solution of the equations of motion is considered in two 
parts: 
1 The shock wave that would be produced by the initial con-
ditions if the pipe is considered to be rigid, i.e., the tube wall dis-
placements, are zero. 
2 The response of the tube and fluid to a progressive pressure 
"ps" produced by the shock wave in (1) acting radially outward, 
so that, 
q,- = a = p o 
dt 
+ p, (13) 
Using a procedure similar to Skalak [8], who considered differ-
ent boundary conditions, the solution begins with the use of a 
Fourier transform with respect to distance "Z," and a modified 
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Fig. 2 D e f o r m a t i o n of the shel l , s h o w i n g the d i s p l a c e m e n t of s o m e arb i -
t ra ry point A 
u = r a d i a l d isp lacement 
v = t a n g e n t i a l d isp lacement 
w = a x i a l d i s p l a c e m e n t 
Laplace transform with respect to time "I." Applying these 
techniques to the equations of motion and rearranging the re-
sults, yields: 
where 




Fig. 3 Schemat ic d i a g r a m of the w a t e r - h a m m e r a p p a r a t u s 
.4(s, co) = 
poc 
TT/(CO2 - s 2 c 2 ) X / i ( \ A ) ( Q + R) 
(25) 
Substitution of this into equations (14) to (18), and inverting, 
gives integral expressions for the various parameters in the form 
- X 
u-i = — • ,4./i(Xo) 
vs X.4./i(Xa) 
[ 5 - ' ] 




"A" is a function of "s" and "co" independent of radius "r," and 
is given by 
- V, A = 
XJi(Xa)(Q + R) 
where 
and 
os1 1 co 
Q = — + — . - — + i co o2coi ic L2 o2i'co[co2/cL2 — s2] 
— Po'co/o(Xa) 
R = 
/ X / i ( X a ) 
(20) 
(21) 
B o u n d a r y C o n d i t i o n s . In order to proceed further it is necessary 
to stipulate boundary conditions. The conditions used for this 
solution simulate, mathematically, the case of an instantaneous 
valve closure. They do, in fact, represent a situation where two 
equal and opposite flows meet, and may be written as follows: 
v = v0 
v = —Vo 
p = iv = u = 0 
Pi = Po(=PoCV0) 
for z < 0, t = 0 
z > 0, t = 0 
— cl > z > el-
-ct < z < cl 
Now 
P, ^ r 
2 "J-Cl Jo 
dt 
which for the boundary conditions specified gives 
-poC p, = 
7R(c02 — S 2 C 2 ) 
such that 
p = pi + p> » ™ 
= po + Ph0 + H) Pn for —cl < z < ct 
n= 1 
p2,o is shown [9] to ecjual — p0; hence for these boundary condi-
tions 
V = Yj Pn 
n = l 
(27) 













(22) ^ = 1 _ V1 
i fl2 n2 




! /o [¥ - f c t a 
4poc„4 
^ - 1 
(30) 
and equation (19) becomes 
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Pressure V a r i a t i o n s . As the integral in equation (28) is difficult 
(23) to evaluate, approximations using Kelvin's asymptotic stationary 
phase methods are obtained. This is feasible if Z and t 
are considered to be relatively large; i.e., the wavelength is long 
compared to the diameter of the pipe. 
From a graphical consideration of equation (28) a Maclaurin's 
(24) series can be assumed for "co" in the form: 
co„ = c„s — d„s3 + (?i = 1, 2,). 
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Combining this with equations (20) and (21) values of ci, d 1, 
and c2d2 (and hence o>i, Wj) are obtained. These lead to a modified 
form of (28); viz.: 
~ f0 sin | s ( c ' - c J ( + 7 
2p0p0ccn 
Tf(c„2 - c2)F Jsin {s(c' o 
/ 
where 




(c ' - C„)«3 
whose value lies between (i) and (ii). 
Using this last substitution the pressure changes associated 
with the transients are given by 
&Pn = 
4p0poCC„ 
aepcL- - 1 - 1 (34) 
Veloc i t ies of the Trans ients . The summation of Q and R (equa-






The roots of this equation determine the phase velocities of 
progressive waves cn = <aj* ( » = 1, 2, . . . . ) of wavelength X = 
2iu/s. In practice only Wj and co2 are significant, and are the 
lowest two roots. To obtain the phase velocities Ci and c2 (and 
the factors d,, d2), substitute the Maclaurin series co„ = c„s — 
d„s3 into (Q + R) and equate the coefficients of each power to 
zero. The coefficients of "s4" and "sG" lead to expressions for 
c„ and d„ respectively; viz.: 
r i + . i i 
|_c2 pe C L 2 J 
f"2 [ 1 + (1 - " - ) ~ + pe J 
+ CL2(1 - J'2) = 0 (36) 
which is a quadratic in c,,2 (where n = 1, 2). The two roots give 
Ci and c2 the velocity of the precursor wave and the main water-
hammer wave, respectively. The precursor wave in the liquid 
is a secondary effect generated by the strain wave in the pipe 
material. This tensile strain wave, as it travels along the pipe, 
produces a lateral contraction of the material and a reduction of 
diameter in the region where the tensile strain is present. This 
will in turn set up a compressive wave in the liquid which, since 
it accompanies the tensile wave in the solid material, can lie ex-
pected to move at the same speed. In a metal pipe, this would 
be much faster than the water-hammer wave itself. It will lie 
noted that the method of generation of the transients does not 
affect their velocity. 
The factor "d„" is obtained by substituting Ci and c2 for c„ 









- + -C- CL- + a
2c„ 
c4 + (i 
c-
, , CL2 2p0A 
"-) ~ + — 
c- pe J - 4 C " 2 [ , ' 
+ 1 2 ptfl 
CL pe -
(37) 
cn)t - dnsH} - (31) 
s 
where e is a small positive quantity. 
The following deductions may be made: 
(i) If c' = c,„ then the first of the integrals has the value TT/6. 
(ii) If (c' — cn)t is large, the first integral has the value ± i r / 2 . 
(iii) If (c' — c„)t is small, a substitution of p = s(c' — cn)l 
reduces the integral to 
(32) 
(33) 
Length of the W a v e Front. The length L of the wave front may 
be determined from a consideration of the pressure change across 
it and the pressure gradient at the wave-front point; i.e., the point 
on the wave front, traveling with the phase velocity, c„, and 
specified by z = cj, the distance from the origin at time t. 
This leads to an expression suggesting that the wave front dis-
perses in a manner proportional to the cube root of time, mea-
sured from an instantaneous valve closure. Further experimen-
tal work is being done on this aspect, which will form the basis of 
a future paper. 
E x p e r i m e n t a l Invest igat ions 
A comprehensive series of investigations has been carried out 
at the City University to verify the predictions of the theory 
outlined in the foregoing. The apparatus consisted of a reservoir, 
maintaining a static head of 74 ft of water, three interchangeable 
pipes, and a gate valve. The pipes were made of steel, aluminium 
alloy, and polythene; the approximate dimensions being 2.0-in. 
bore and 0.2-in. wall thickness. They were mounted horizontally 
with the gate valve at the downstream end. 
The valve comprised a pipe-end connection which reduced the 
bore of the pipe, smoothly, to a rectangular orifice, a stainless-
steel gate, and guide plate. Variation of flow rate over a small 
range could be achieved by inserting different orifice plates be-
tween the pipe-end connection and the gate. Flow rate mea-
surements were obtained with the aid of a simple measuring 
tank. 
Eleclronic Record ing Equ ipment . The transients were measured 
and observed with the aid of inductance pressure transducers 
mounted in the pipe wall and energized by carrier-amplifier 
units. The signals from these were fed into a 4-channel storage 
oscilloscope, from which measurements could be taken directly, 
or the images photographed and analyzed later. Some observa-
tions of strain waves were made using barium titanate strain 
gauges and the signals from these could also be displayed on the 
oscilloscope. 
The pressure transducers contained a stainless-steel diaphragm 
in close proximity to two coils which formed two arms of a bridge 
circuit. The other two arms of the bridge were resistors in the 
carrier-amplifier unit used to energize the circuit. Movements 
of the diaphragm caused by variations of the pressure in the pipe 
produced corresponding changes in the reluctance of the magnetic 
circuit in the transducer and consequently unbalanced the 
bridge. The amplitude of the output signal from the bridge was 
a measure of the pressure change which produced it, and it was 
this signal that, after demodulation, was fed into the oscillo-
scope. 
To prevent corrosion, the transducer body was manufactured 
from stainless steel and the diaphragm electroplated with nickel 
and rhodium. Due to the inherent balance of the transducers 
they were self-compensating for the effects of temperature 
changes. 
The carrier-amplifier unit comprised a stabilized power sec-
tion, an oscillator providing 10 volts mis at 3 kc,/s for energizing 
the transducer, a phase-sensitive demodulator, an output filter 
and an amplifier giving a d-c output proportional to change of 
inductance. A plug-in converter supplied the normal power re-
quirement of 24 volt d-c. 
The 4-channel oscilloscope enabled observations of four vari-
ables to be made simultaneously. It was normally arranged to 
give a single sweep and the beam trigger could be actuated either 
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T a b l e 1 Theoret ica l a n d o b s e r v e d ve loc i t ies for the pipes used in the e x p e r i m e n t a l w o r k . The Figures in 
percentages ind icate the scatter of the o b s e r v e d results a b o v e the m e a n v a l u e q u o t e d . The v a l u e s q u o t e d 
for the p o l y t h e n e pipe are at three r e p r e s e n t a t i v e t e m p e r a t u r e s . 
Temperature 
STEEL PIPE AL. ALLOY PIPE POLYTHEKE PIPE 
57.5°r 57.5°F 45°7 55°P 65°T 
Water Hammer Vave 
1. Theory (aqn. 36) 
2. Observed 
4560 f t / s 
4570 • 0.7Z f t / a 
4210 f t / . 
4180 t 0.41 f t / . 
990 f t / s 
920 f t / s 
815 f t / s 
824 f t / s 
713 f t / s 
782 f t / . 
Precursor Wava 
1. Theory (eqn. 36) 
2. Observed 
16760 f t / s 
16530 • f t / s 
16740 f t / . 
16000 • J ' J l f t / s 
4070 f t / « 
3300 f t / s 
3330 f t / s 
2650 f t / s 
2910 f t / s 
2500 f t / n 
Velocity of Sound.in,the Pipe Wall 
^ - (E/p<l - v 2 } ) * 17500 f t / s 17470 f t / s 4060 f t / p 3320 f t / s 2820 f c / o 
Velocity of Sound in Water -
rsfa 12 1 13 4800 f t / s 4800 f t / a 4710 f t / s 4780 f t / s 
4850 f t / . 
Young's Modulus 29.35 xlO6 lM/ in 2 10.32 i 106 lb f / in 2 150 l b f / i n 2 100 l b f / U 2 80 l b f / i n 2 
Density 0.283 lb/cu in 0.1015 lb/cu in 0.0326 lb /cu in 
Poisson's Ratio 0.3 0.33 0.5 ( r e f . 11 pp. 152 1 179) 
3 0 
2 0 
• 1 0 
1 
1 
_ 2 | 
f y 
I N I T I A L d 
- * " STE A D Y PR ESSURE 
10 
T I M E ( m i l l i s a c s ) 
• 2 0 
£ 




a. I 0 
f i 
1 N I 1 I A L STE A D Y PR ESSURE 
A 
0 10 
Fig. 4 A n osc i l loscope record ( r e d r a w n ) of the precursor w a v e in the 
a l u m i n u m a l l o y p ipe at the points " A " a n d " B " , respect ive ly , 2 1 a n d 3 5 
ft f r o m the v a l v e 
internally from the first channel, or externally by the valve 
motion or by the passage of a transient along the pipe. 
Trans ient Ve loc i t ies . Two transducers were used to observe the 
transients as they made their first journey along the pipe. Veloc-
ity measurements could then be made without involving re-
flected waves for either transient. Approximately 200 results 
were obtained for the velocities of propagation of the transients, 
a summary of which is given in Table 1. 
The theoretical transient velocities were obtained from equa-
tion (36) which was programmed for a Ferranti Pegasus com-
puter, using Autocode. The mechanical properties of the metal 
pipes were assumed to be constant. See Table 1. 
Young's modulus for polythene was sensitive to both tempera-
ture and stress. Values at various temperatures were obtained 
by experiment. The velocity of sound in free water was ob-
tained from references [12, 13], as a function of temperature and 
pressure. 
The theoretical water-hammer wave velocities in the metal 
pipes were in excellent agreement with the observed results—the 
differences being 0.31 and 0.78 percent for the steel and alumi-
num alloy pipes, respectively. 
Using the well-known Joukowsky relation 
} ' P ( k + 7 E 
the velocities of the water-hammer waves in the steel and alu-
minum alloy pipes were 4.560 and 4180 fps. This illustrates how 
the simplifications made in previous works do not significantly 
affect the accuracy with which these velocities may be obtained, 
although no precursor wave is predicted by the "simple" theory. 
TIME (minuses) 
Fig. 5 A record for the a l u m i n u m a l l o y p ipe s h o w i n g the l o n g i t u d i n a l 
tensi le strain w a v e A a r r i v ing a h e a d of the associa ted precursor w a v e 
B at a point 2 1 ft f r o m the v a l v e 
The theoretical and observed precursor wave velocities in the 
metal pipes agree favorably, although the scatter of results was 
greater than for the main water-hammer wave. This must be ex-
pected as the precursor wave travels about four times faster than 
the water-hammer wave and is correspondingly more difficult to 
measure. 
Fig. 4 is a typical record of the precursor wave traveling ahead 
of the main water-hammer wave. The pressure drop shown by 
the precursor wave at the point Z = 35 ft occurs in response to 
the reflection from the reservoir traveling back toward the 
valve. 
A few results were obtained comparing the transients from a 
normal valve closure wit h those caused by a blow from a hammer 
on the pipe end. The hammer blow transient is really a pulse 
wave and the main wave in the water travels more slowly than 
for the valve-closure case, which has a longer wavelength. 
Experiments on the aluminum alloy pipe, with a strain gauge 
at the same point as the pressure transducer, produced records 
suggesting that the strain wave in the pipe wall was traveling 
just ahead of the associated precursor wave in the water, Fig. 5. 
That this effect should be found appears reasonable; the wave 
front of the precursor is built up by energy removed from the front 
of the tensile wave and would be expected to lag to some 
extent, behind it. As the crystal strain gauge and the pressure 
transducers may have significantly different response-time char-
acteristics no attempt was made to give quantitative results for 
the distances separating the two waves. 
The strain waves in the tube wall were loo small to be measured 
by wire resistance gauges. Barium titanate crystal gauges were 
the only ones sufficiently sensitive to respond to the waves, but 
they could not be used to measure the strain due to problems of 
calibration and accuracy. 
The general trend of the velocity results for the polythene pipe 
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> > T H E O R E T I C A L * \ 
T a b l e 2 Pressure rises in the 2 - in . bore steel a n d a l u m i n u m a l l o y 
pipes s h o w i n g compar isons of the o b s e r v e d a n d theoret ica l rat ios of 
pressure r ise in the p i p e to that in an u n c o n f l n e d b o d y of l iquid. 
50 60 




5 2 0 
10 
- 1 0 
l o X , 
f 
I N I T I A L 
S T E A D Y P R E S S U R E 
4 0 6 0 8 0 
T I M E ( m i l l i s e c s ) 
100 
Pipe Material Steal Al . Alloy 
I n i t i a l steady pressure 
lbf /tiq 1q gauge 
32 32 
I n i t i a l stertdy ve l o c i ty (y q ) 
f t / a 
0.43 0,54 0.43 0.596 
Pressure r i se in unconfined l iquid 
P„ " "o C T o 1 M / " 1 1 0 
27.75 34.9 27.75 36.6 
Observed praaauro riaa of vaCar hunaiGr 
vavo (Apj) l b f / a q In 
26.0 33.25 24.3 31,5 
Obaarrtd praaeura r i o t of pracuroor 
vsvo (Ap^) l b f / a q in 
0.56 - 0.67 
















Fig. 6 Transient veloci t ies for the precursor w a v e , a b o v e , a n d the m a i n 
w a t e r - h a m m e r w a v e , b e l o w , in the w a t e r in the p o l y t h e n e p ipe. The 
dot ted l ines a r e the theoret ica l curves a n d the sol id l ines s h o w t h e o b -
served results. 
Fig. 7 Pressure transients in the p o l y t h e n e p ipe . Traces A a n d B 
are 6 in. a n d 3 2 ft, respect ive ly , u p s t r e a m of the v a l v e . The sol id l ine 
represents the pressure c h a n g e w h e n the p ipe e n d w a s rest ra ined in the 
a x i a l d i rect ion, a n d the dotted l ine is for the unres t ra ined condi t ion . 
was as anticipated but. there was some variation at the extremes 
of the temperature range considered (see Table 1 and Fig. 6). 
The difference between the theoretical and observed results is 
due, in the main, to variations of the modulus of elasticity both 
with temperature and rate of loading. 
In particular, the theoretical precursor wave velocity in Table 
1 appears to be higher than the velocity of sound in the polythene 
pipe wall. This inconsistency is almost certainly due to the dif-
ficulty in obtaining a representative value for the modulus of 
elasticity. 
When a load is applied suddenly a period of rapid strain occurs, 
followed by a more prolonged, although still elastic, deformation. 
In the case of water hammer, the first pressure rise was quite 
rapid and was followed by a period of steady or slightly varying 
pressure. It is these conditions which made an accurate predic-
tion of the effective value of the modulus impossible. 
It has been assumed when establishing the theory that the 
strains in the pipe were small. When experimenting with the 
polythene pipe the main water-hammer wave could be felt by 
placing a hand on the pipe. In cases of rapid valve closure, when 
the pipe end was unrestrained it was observed to leap forward by 
about l / i in. The assumption that the strains were small was, 
therefore, questionable for this pipe. It is noted that I he velocity 
of sound in water is greater than in polythene for the temperature 
range considered. 
Nevertheless, the fact that both transient velocities are much 
lower than those normally encountered with metal pipes enabled 
some of their characteristics to be studied more easily. For ex-
ample, it was possible to show (Fig. 7) that the effect of end 
restraint on the polythene pipe caused no apparent change in the 
velocity of the transients, although an effect on the pressure varia-
tion was noticeable. When the pipe end was unrestrained the 
pressure rose as expected, but leveled out for a short period 
before rising again to a maximum value. When the pipe was 
restained against axial movement at the valve, the pressure rose 
continually to the same maximum value observed in the preced-
ing case. It appears that neither overall extension of the pipe 
nor the manner of its anchorage have any effect on the transient, 
velocity. 
Pressure Rises A s s o c i a t e d W i t h the Trans ients . The pressure rises in 
the pipes may be expressed conveniently in a dimensionless form 
as the ratio Ap/p«, where p0 = p0ci>0, the corresponding pressure 
rise in an unconfined body of liquid. A dimensionless ratio in 
this form is preferred to that of pressure rise to initial pressure 
as it, has wider applications. The initial steady pressure in the 
pipe will have no influence on the pressure rise itself, as for a 
rapid valve closure in a particular system the pressure rise is pre-
dominantly affected by the initial steady flow velocity. 
The average pressure rises associated with the main water-
hammer wave were observed to be 0.945 and 0.852 in the steel and 
aluminum alloy pipes, respectively. The corresponding theoreti-
cal values being 0.94 and 0.856. From Joukowsky's formula, 
which is frequently quoted, where the dimensionless pressure 
rise is poty'o/poO'o, i.e., c2/c, the values for the two metal pipes are 
0.95 and 0.877, which are slightly higher than the observed re-
sults and those given by the improved theory. 
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Fig. 8 V a r i a t i o n of the m a i n w a t e r - h a m m e r pressure rise w i t h t e m p e r a -
ture in the p o l y t h e n e p ipe . The pressure changes are expressed as a 
f ract ion of the pressure c h a n g e (p,i = pocvo) in a n u n c o n f i n e d b o d y of 
w a t e r . 
The theoretical dimensionless pressure rises associated with 
the precursor waves were 0.020 and 0.051 for the steel and 
aluminum alloy pipes, respectively, corresponding to observed 
values of 0.016 and 0.023. Some difference is to be expected in 
these results as the theory refers to a pipe with the valve end 
firmly anchored. In the experimental work this condition could 
not lie satisfied for the metal pipes and therefore these results 
are not strictly comparable. The deflection of the pipe end 
would produce a significant change in the observed pressure rise 
that is not predicted by the theory, but the results quoted serve 
to indicate the magnitude of the pressures involved. 
The pressure rises in the water in the polythene pipe (see Fig. 
S) follow a curve of similar shape to that for the velocity results. 
The predictions of the improved theory are shown for comparison, 
but it would seem that the doubts expressed about the modulus 
of elasticity are reflected in these results. If the observed tran-
sient velocities are vised to determine the pressure rise a curve 
lying closer to that for the observed pressure change is obtained. 
However it is omitted from the graph to avoid confusion. 
The dimensionless ratio of pressure rise by Joukowsky's for-
mula is in good agreement with the observed pressure changes. 
The pressure change across the precursor wave in the poly-
thene pipe was continually increasing as the wave advanced 
along the pipe. It was impossible therefore to state a maximum 
pressure change across it. There was difficult}' also in predicting 
a theoretical value as the term ( C I 2 / C L 2 — 1) in equation (30) is 
very sensitive to the ratio of precursor velocity "c" to velocity 
of sound in polythene "CL." In addition to the derived values 
for the velocity of sound in polythene being unreliable, the theo-
retical and observed velocities ci for the precursor wave are 
respectively, faster and slower than CL, and the derived results 
for the pressure change become somewhat erratic in this case. 
Friction Losses. One important aspect that has not been included 
in the present paper is that of pipe friction. Its effects will be 
particularly significant in systems having high flow velocities. 
Several investigators have made allowances for it using devices 
such as imaginary orifices, etc. Whichever method of allowing 
for pipe friction is used the solution of the equations of motion 
becomes more difficult. An alternative approach to the solution 
of the equations of motion used in this paper, and which could 
include some allowance for friction, is the method of finite dif-
ferences. A disadvantage that may arise, however, is that this 
method does not often permit physical interpretations of the 
intermediate steps. 
The effect of friction on the experimental results was found to 
be negligible. Using the Weisbach formula, the friction losses 
in the steel and aluminum alloy pipes were calculated to be 0.62-
ft head over a pipe length of 46 ft and a steady flow velocity of 
0.6 fps. A friction factor of 0.04 was assumed. 
As the polythene pipe had an extremely smooth surface in the 
bore, the head loss would be much smaller. 
Conclusions 
1 The existence of two transients has been established theo-
retically and experimentally, and their velocities and pressure 
changes have been investigated. 
2 The overall extension of the pipe and the manner of its 
anchorage have no measurable effect on the transient velocities. 
The tensile waves in the pipe wall appear to travel ahead of the 
associated precursor wave. 
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Substituting equations (38)-(40) into (41)-(43) gives the strains 
at A in terms of displacements at Ao, viz.: 
wl i t " ?/ 
a a1 (44) 
Similar expressions may be obtained for eg and y T h e s e may 
then be used to obtain the stresses az, ae, and r ^ in the form 
E 
1 - v- (e, + vt t ) 
(45) 
It has been shown [6] that the forces and moments can be ex-
pressed in terms of the stresses, e.g. 
dy (46) 
Similar expressions may be written for Fe, Fzg, M^, etc., and the 
equations for stresses (e.g., equations (44), (45)) substituted, so 
that 
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E f C/2 (I + y F: , (f. + lifO) .i1y (47 ) 
/I - 0/2 (I 
H [ r~ l = -- (WI + 1'1'0 + 1'111(' _ 'u" (48) 
I - " , 12a2J 
Subst.itution of these expressions for the forces a nd moment s into 
equations (1)-(3) gives the eq uations of motion (5)-(7). 
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